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1. Introduction
We consider Lagrangian systems on compact surfaces with genus greater than one. Let M be
a closed compact connected orientable surface possessing a complete Riemannian metric, and let
L : TM → R be a smooth function, called Lagrangian, satisfying the following three conditions:
(1) Positive deﬁniteness: For each x ∈ M , and v ∈ TxM , the restriction of L to TxM is strictly convex in
the sense that its Hessian second derivative (∂2L(x, v)/∂vi∂v j) is everywhere positive deﬁnite.
(2) Super-linear growth:
L(x, v)
‖v‖ → +∞, as ‖v‖ → ∞,
where ‖ · ‖ is the Riemannian metric on M , and x ranges over M .
(3) Completeness of the Euler–Lagrange ﬂow: All the solutions of the Euler–Lagrange equation can be
extended to all t ∈ R.
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be an extremal of action, i.e., a trajectory γ (t) must satisfy the following ﬁxed endpoints variational
equation:
δ
b∫
a
L
(
γ (t), γ ′(t)
)
dt = 0.
In local coordinates, trajectories are solutions of the following Euler–Lagrange equation:
d
dt
∂L
∂ x˙
(x, x˙) = ∂L
∂x
(x, x˙).
The equation deﬁnes a vector ﬁeld on TM and then generates a ﬂow ϕt : TM ←↩. This ﬂow is called
the (autonomous) Euler–Lagrange ﬂow.
A primary example of the autonomous Euler–Lagrange ﬂows is the geodesic ﬂow on TM , in which
the Lagrangian L is equal to a complete Riemannian metric (cf. Paternain [7]). It is easy to check
that this Lagrangian satisﬁes the three conditions in the above. It is well known that the Euler–
Lagrange ﬂows on surfaces of higher genus are at least as complicated as the geodesics on these
surfaces equipped with hyperbolic metrics (cf. Boyland and Golé [2]). We remark that, in this paper,
we consider the geodesic ﬂows on the whole tangent bundle TM , instead of the ﬂow restricted on
T1M . The Mather theory of the geodesic ﬂows on 2-torus have been well studied by Bangert in [1].
In this paper, we consider the Mather theory of the geodesic ﬂows on compact orientable surfaces of
higher genus. We show that:
• For each rational homology class h ∈ H1(M,R), there is at least one minimal measure with rotation
vector h, which is distributed on a ﬁnite set of simple closed periodic geodesics on TM.
For general autonomous Euler–Lagrange ﬂows on compact surfaces, we consider the connection
between the intersections number of rotation vectors for a pair of minimal measures and the structure
of their supports. We prove that:
• For a pair of minimal measures for an autonomous Lagrangian system on a compact surface, if the inter-
section number of their rotation vectors is non-zero, then any non-trivial convex combination of them is
not a minimal measure.
This result implies that a Beta functions does not have a ﬂat part in its graph with dimension equal
to 2g , where g is the genus of the surface.
2. Mather theory
In this section, we give a brief introduction to Mather’s theory on minimal measures for positive
deﬁnite autonomous Lagrangian systems. The Mather theory studies minimal measures for Euler–
Lagrange ﬂows on compact manifolds. The idea is to classify these measures with their associated
homology or cohomology classes.
Suppose M is a compact connected orientable Riemannian manifold and L : TM → R is the
Lagrangian function which satisﬁes the three conditions in Section 1. Let ϕt : TM ←↩ be the Euler–
Lagrange ﬂow generated by L and μ be a probability measure on TM , invariant under ϕt . We can
deﬁne its average action
A(μ) =
∫
L dμ.TM
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rotation vector, ρ(μ) ∈ H1(M,R). The rotation vector ρ(μ) is uniquely characterized by the following
equation: for every c ∈ H1(M,R) and closed 1-form λc on M whose cohomology class is c,
〈
c,ρ(μ)
〉= ∫
TM
λc dμ,
where the bracket 〈 〉 is the canonical pairing of H1(M,R) and H1(M,R). We remark that the integral∫
TM λc dμ does not depend on the choice of the 1-form λc , provided μ is an invariant probability
measure (cf. Mather [5]).
Let UL = {(ρ(μ), A(μ)) | μ ∈Minv(L)}, where Minv(L), or Minv for short, denotes the set of all
probability measures invariant under the Euler–Lagrange ﬂow of L on TM with A(μ) < ∞. Since
the set of all invariant probability measures is convex and A and ρ are linear functions on Minv(L),
UL is convex. It turns out (Mather [5]) that the projection of UL on H1(M,R) is surjective. This,
together with the fact that L is bounded below, implies that UL is the epigraph of a convex function
β = βL : H1(M,R) → R. For each h ∈ H1(M,R), we will call β(h) the minimal average action of the
rotation vector h. An invariant probability measure that achieves the minimal average action of its
rotation vector is called a minimal measure or an action-minimizing measure. We emphasize that for
every rotation vector in H1(M,R), there exists at least one minimal measure associated with that
rotation vector.
An absolutely continuous curve γ : [a,b] → M is said to be an action-minimizer if it satisﬁes
the following condition: for any absolutely continuous curve γ1 : [a,b] → M with γ1(a) = γ (a) and
γ1(b) = γ (b) and homologous to γ relative to endpoints, we have:
b∫
a
L
(
γ (t), γ ′(t)
)
dt 
b∫
a
L
(
γ1(t), γ
′
1(t)
)
dt.
A curve γ : R → M is said to be an action-minimizer if γ |[a,b] is action-minimizing for any ﬁnite real
numbers a and b with a < b. Obviously, if γ : R → M is an action-minimizer, then (γ (t), γ ′(t)) is a
true trajectory for the Euler–Lagrange ﬂow. We call it an action-minimizing trajectory.
In [5], Mather proved that the support of a minimal measure can be expressed as graphs of Lips-
chitz maps from a subset of M to TM (we call this property the Lipschitz graph property). In addition,
all trajectories in the support of a minimal measure are action-minimizing trajectories. Moreover, for
every ﬁrst homology class, it is always possible to ﬁnd an minimal measure by taking the weak-*
limit of a sequence of probability measures evenly distributed on segments of action-minimizing tra-
jectories. These facts will be used in this paper.
In the following, without speciﬁcation, we assume M is a compact orientable surface with genus
greater than one. The following notations are used in this paper:
• Minv: the set of invariant probability measures for the Euler–Lagrange ﬂow.
• Merg : the set of ergodic measures for the Euler–Lagrange ﬂow.
• Mh: the set of minimal measures associated with the rotation vector h, where h ∈ H1(M,R).
• supp(μ): the support of a measure μ.
• supp(Mh): the union of supp(μ) for all μ ∈Mh .
3. Intersection property of minimal measures
In this section, we consider an intersection property of generic trajectories of pairs of minimal
measures for autonomous Euler–Lagrange ﬂows on compact orientable surfaces. We show that for
each pair (h1,h2) ∈ H1(M,R)× H1(M,R), if the intersection number of h1 and h2 (which will be pre-
cisely deﬁned in this section) is non-zero, then supp(Mh1 )∪ supp(Mh2 ) does not satisfy the Lipschitz
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convex combination of μ1 and μ2 is not a minimal measure. This property leads to the result that
the graph of Mather’s Beta function for the autonomous Euler–Lagrange ﬂow on a compact surface
with genus g  1 does not have a ﬂat part whose domain is a 2g-dimensional convex set.
The intersection number or intersection pair 
(h,h′) (or 
(h,h′)Z) is an important operator in alge-
braic topology. Suppose l and s are a pair of closed curves whose intersection points are all isolated.
Without loss of generality, we assume all the intersection points of l and s are transversal. Suppose
{x1, . . . , xn} is the set of all intersection points. We assign a number +1 or −1 to each xi in the follow-
ing way: if at xi the counterclockwise angle from the positive direction of l to the positive direction
of s is between 0 and π , then we assign xi the number +1, otherwise, assign xi the number −1. The
intersection number 
(l, s) is deﬁned to be the sum of all these ±1’s for the transversal intersection
points of l and s (cf. Fulton [3]). It can be shown that if there is another pair of closed curves (l′, s′)
with [l] = [l′] ∈ H1(M,Z) and [s] = [s′] ∈ H1(M,Z), then 
(l′, s′) = 
(l, s). This means 
(·,·) is a pairing
on H1(M,Z) × H1(M,Z), i.e.

(·,·) : H1(M,Z) × H1(M,Z) → Z.
It is easy to check this pairing is skew-symmetric and bilinear. From the deﬁnition we can see that if

(h1,h2) = k = 0, and if a pair of closed curves l, s represent h1, h2 respectively, then l intersects s at
at least |k| points. Suppose M has genus g , i.e. M has g handles. let αi and βi be the canonical pairs
of loops around the i’th handle with 
(αi, βi) = 1. Let ei = [αi] and e′i = [βi], then{
e1, . . . , eg, e
′
1, . . . , e
′
g
}
is the canonical set of basis of H1(M,Z), which satisﬁes that 
(eie′i) = 1, 
(e′i, ei) = −1, i =
1, . . . , g , and others intersection pairs are all 0. Then under this set of basis, ∀h = (h1, . . . ,h2g),
h′ = (h′1, . . . ,h′2g) ∈ H1(M,Z), 
(h,h′) = (h1, . . . ,h2g) J (h′1, . . . ,h′2g)T , where J is the 2g × 2g skew-
symmetric matrix
(
0 I g
−I g 0
)
.
We extend the pairing to the ﬁrst homology group with real coeﬃcients. Consider the pairing:

(·,·)R = 
(·,·) ⊗ R : H1(M,R) × H1(M,R) → R,

(αh1, βh2)R = αβ
(h1,h2), for α,β ∈ R and h1,h2 ∈ H1(M,Z).
Here we regard H1(M,Z) as the lattice of the integral vectors in H1(M,R) ∼= H1(M,Z) ⊗ R. We call

(·,·)R the intersection number for pairs in H1(M,R). We can see that under the canonical set of basis,
for each pair of ﬁrst homology classes h = (h1, . . . ,hg,h′1, . . . ,h′g) and h˜ = (h˜1, . . . , h˜g, h˜′1, . . . , h˜′g) ∈
H1(M,R),

(h, h˜)R =
(
h1, . . . ,hg,h
′
1, . . . ,h
′
g
)
J
(
h˜1, . . . , h˜g, h˜
′
1, . . . , h˜
′
g
)T
.
We remark that our deﬁnition of intersection numbers is consistent with the original idea of in-
tersection numbers of pairs in H1(M,Z) in the following way. For a closed trajectory l : R → M with
least period T , if μl is the invariant probability measure evenly distributed on {(l(t), l′(t))}|[0,T ] , then
ρ(μl) = 1T [l|[0,T ]] ∈ H1(M,R), where [l|[0,T ]] ∈ H1(M,Z) is the homology class of l|[0,T ] . We deﬁne
the rotation of l|[0,T ]:
ρ(l|[0,T ]) = ρ(μl).
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tively, then


(
ρ(r|[0,T1]),ρ(s|[0,T2])
)
R
= 1
T1
1
T2


([r|[0,T1]], [s|[0,T2]]).
This implies


([r|[0,T1]], [s|[0,T2]]) = 0 ⇐⇒ 
(ρ(r|[0,T1]),ρ(s|[0,T2]))R = 0.
The lemma in the following presents the connection between the intersection number of rota-
tion vectors for a pair of minimal ergodic measures and the intersection property of their generic
trajectories.
Lemma 3.1. Suppose both μ1 and μ2 are minimal ergodic measures. If the intersection number of ρ(μ1) and
ρ(μ2) is non-zero, then any non-trivial convex combination of μ1 and μ2 is not a minimal measure.
Proof. Without loss of generality, suppose the intersection number of ρ(μ1) and ρ(μ2) is


(
ρ(μ1),ρ(μ2)
)
R
= δ > 0.
Obviously
supp
(
αμ1 + (1− α)μ2
)= supp(μ1) ∪ supp(μ2), ∀α ∈ (0,1).
It suﬃces to prove supp(μ1) ∪ supp(μ2) does not satisfy Mather’s Lipschitz graph property for mini-
mal measures. We prove this by contradiction.
The case that both μ1 and μ2 are evenly distributed on a pair of closed trajectories is trivial
because projections of this pair of trajectories on M will transversally intersect each other. We prove
the case that both μ1 and μ2 are not distributed on closed trajectories. The case that one of them is
distributed on a simple closed trajectory is a simple corollary of the case we will prove. Readers can
check it by following the idea of our proof. Assume supp(μ1)∪ supp(μ2) satisﬁes the Lipschitz graph
property. Then we can choose a generic point (x, v) ∈ supp(μ1) and a generic point (y,u) ∈ supp(μ2),
a very small neighborhood U˜ of (x, v) and a very small neighborhood V˜ of (y,u), such that, if we
denote the trajectory starting from (x, v) with (lx, l′x) and the trajectory starting from (y,u) with
(l y, l′y), and denote the projection of U˜ , V˜ on M by U , V respectively, the following properties hold:
(1) dist(x, y) = 4d, for some real number d > 0.
(2) diam(U˜ ) < ε0  d and diam(V˜ ) < ε0  d, for some suﬃciently small constant ε0 > 0 such that lx
and l y are almost parallel in both U and V . This is possible by the Lipschitz graph property.
(3) μ1(V˜ ) < ε1 and μ2(U˜ ) < ε1 for some very small constant 0 < ε1 min(1,d).
(4) ∃ a sequence tn → ∞ as n → ∞, such that
(
lx(tn), l
′
x(tn)
) ∈ U˜ , ∀n = 1,2, . . . ,
and (lx(tn), l′x(tn)) → (x, v) as n → ∞, and moreover, {tn}∞n=1 satisfy the following properties: for
each n = 1,2, . . . we can connect lx(tn) and x with a segment sx,n : [0,1] → M transversal to lx
and l y such that
sx,1 ⊃ sx,2 ⊃ · · · ⊃ sx,n ⊃ · · ·
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{
lx(t)
}∣∣[0,tn] ∩ sx,n = {x, lx(tn)};
in addition, the total length of t between 0 and tn such that (lx(t), l′x(t)) ∈ V˜ (we denote it Ln)
satisﬁes
Ln
tn
→ ε′1 < ε1 as n → ∞,
for some ε′1 > 0; furthermore the homological equivalent class [lx|[0,tn] ∗ sx,n] satisﬁes
[lx|[0,tn] ∗ sx,n]
tn
= ρ(μ1) + ε2,nhx,n,
where ε2,n → 0 as n → ∞, hx,n = (hx,n,1, . . . ,hx,n,2g) ∈ H1(M,R) such that
|hx,n,1| + · · · + |hx,n,2g | < 1
and
lx|[0,tn] ∗ sx,n(t) =
{
lx(2tn · t), t ∈ [0, 12 ];
sx,n(2t − 1), t ∈ ( 12 ,1].
This is always possible.
(5) ∃ a sequence t′n → ∞ as n → ∞, such that
(
l y
(
t′n
)
, l′y
(
t′n
)) ∈ V˜ , ∀n = 1,2, . . . ,
and (l y(t′n), l′y(t′n)) → (y,u) as n → ∞, and moreover, {t′n}∞n=1 satisfy the following properties: for
each n = 1,2, . . . we can connect l y(t′n) and y with a segment sy,n : [0,1] → M transversal to lx
and l y such that
sy,1 ⊃ sy,2 ⊃ · · · ⊃ sy,n ⊃ · · ·
and
{
l y(t)
}∣∣[0,t′n] ∩ sy,n = {y, l y(t′n)};
in addition the total length of t between 0 and t′n such that (l y(t), l′y(t)) ∈ U˜ (we denote it L′n)
satisﬁes
L′n
t′n
→ ε′′1 < ε1 as n → ∞,
for some ε′′ > 0; furthermore the homological equivalent class [l y |[0,t′n] ∗sy,n] satisﬁes
[l y|[0,t′n] ∗ sy,n]
′ = ρ(μ2) + ε2,nhy,n,tn
3264 F. Wang / J. Differential Equations 247 (2009) 3258–3282where hy,n = (hy,n,1, . . . ,hy,n,2g) ∈ H1(M,R) satisﬁes
|hy,n,1| + · · · + |hy,n,2g | < 1.
This is also possible.
(6) tn ’s, t′n ’s, U˜ and V˜ are so chosen that each connecting component of {lx(t)} ∩ V , which intersects
sy,1, has the arclength not less than
ε0
2 , and each connecting component of {l y(t)} ∩ U , which
intersects sx,1, also has the arclength not less than
ε0
2 .
Let
γx,n = lx|[0,tn] ∗ sx,n, γy,n = l y|[0,t′n] ∗ sy,n
for all n > 0. Since ε2,n → 0 as n → ∞, ∃N > 0 such that if n > N , then


([γx,n], [γy,n])R = 
(tn(ρ(μ1) + ε2,nhx,n), t′n(ρ(μ2) + ε2,nhy,n))R
= tnt′n
(
δ + ε2,n
(


(
hx,n,ρ(μ2)
)
R
+ 
(ρ(μ1),hy,n)R)+ ε22,n
(hx,n,hy,n)R)
 tnt′nδ
(
1− 10−10).
By the Lipschitz graph property of supp(μ1) ∪ supp(μ2),
{
lx(t)
}∣∣[0,tn] ∩ {l y(t)}∣∣[0,t′n] = Φ.
Then either {lx(t)}|[0,tn] transversally intersects sy,n for more that tnt
′
n
2 δ(1−10−10) times or {l y(t)}|[0,t′n]
transversally intersects sx,n for more that
tnt′n
2 δ(1− 10−10) times. We assume the ﬁrst one is true, i.e.
{lx(t)}|[0,tn] transversally crosses sy,n for more that tnt
′
n
2 δ(1− 10−10) times. Then the total arclength of{lx(t)}|[0,tn] in V (we denote it |{lx(t)}|[0,tn] ∩ V |) satisﬁes
|{lx(t)}|[0,tn] ∩ V |
tn
 t
′
n
2
δ
(
1− 10−10)ε0 → ∞
as n → ∞. Since the trajectory (lx, l′x) ⊂ supp(μ1), then by the Lipschitz graph property, ∃K > 0 such
that ‖l′x(t)‖ < K for all t ∈ R. This implies that
Ln
tn
→ ∞
as n → ∞, which contradicts to
Ln
tn
→ ε′1 < ε1  1.
From the above, we can draw the conclusion that supp(μ1) ∪ supp(μ2) does not satisfy the Lips-
chitz graph property, which implies αμ1 + (1− α)μ2 is not a minimal measure for all α ∈ (0,1). 
From Lemma 3.1, we can see that, if the graph of Mather’s Beta function has a ﬂat part in its graph,
then the dimension of this ﬂat part is less than 2g . This is because a 2g-dimensional convex set in
H1(M,R) always has a pair of extremal points, of which the intersection number is non-zero. For each
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any non-trivial convex combination of this pair of minimal ergodic measures are not minimal. Then
the graph of the β function is not ﬂat on the segment connecting this pair of vectors. This leads to a
contradiction. Therefore β does not have a ﬂat part with dimension 2g . This is the following theorem:
Theorem 3.2. For an autonomous positive deﬁnite Lagrangian system deﬁned on the tangent bundle of a
surface with genus g  1, the graph of the Beta function does not have a ﬂat part with dimension 2g.
Proof. Suppose β has a ﬂat part in its graph with dimension 2g . Let F denote the ﬂat part. Let
E = {h ∈ H1(M,R) ∣∣ (h, β(h)) ∈ F},
then E ⊂ H1(M,R) is a convex set with dimension 2g because β is a continuous convex function.
Thus there is a pair of extremal points of E , denoted h1 and h2, such that 
(h1,h2)R = 0. This is
because if we ﬁx h1 then the null space the linear function L(x) = 
(h1, x)R is a 2g − 1 subspace
which contains h1. Then there is an extremal point h2 of E which is not contain in the null space
of L(x), i.e. 
(h1,h2)R = 0. By Lemma 3.1, we know we can ﬁnd an ergodic measure μ1 ∈Mh1 and
an ergodic measure μ2 ∈Mh2 such that supp(μ1) ∪ supp(μ2) does not satisfy the Lipschitz graph
property. Then any non-trivial convex combination of μ1 and μ2 is not a minimal measure, i.e.
A
(
αμ1 + (1− α)μ2
)
> β
(
αh1 + (1− α)h2
)
, ∀α ∈ (0,1).
This contradicts to that (h1, β(h1)) and (h2, β(h2)) belong to the ﬂat part F in the graph of β(h).
Therefore β(h) does not have a ﬂat part in its graph with dimension 2g . 
The following theorem considers the intersection property of a pair of minimal measures whose
rotation vectors have non-zero intersection number. It is a corollary of Lemma 3.1.
Theorem 3.3. If both μ1 and μ2 are minimal measures for an autonomous Lagrangian system on a surface,
and the intersection number of ρ(μ1) and ρ(μ2) is non-zero, then any non-trivial convex combination of μ1
and μ2 is not a minimal measure.
Proof. Consider the ergodic decompositions of μ1 and μ2. Since ρ is a linear map from Minv
to H1(M,R) and the intersection number is a skew-symmetric bilinear function from H1(M,R) ×
H1(M,R) to R, there is an ergodic component ν1 of μ1 and an ergodic component ν2 of μ2 such that
supp(νi) ⊆ supp(μi) for i = 1,2 and 
(ρ(ν1),ρ(ν2))R = 0. Then by Lemma 3.1, supp(ν1)∪ supp(ν2) ⊆
supp(μ1) ∪ supp(μ2) does not satisfy the Lipschitz graph property. Thus any non-trivial convex com-
bination of μ1 and μ2 is not a minimal measure. 
4. Geodesics on compact surfaces
In the following sections, we consider the Mather theory for geodesic ﬂows on surfaces with genus
greater that one. We partially extend Bangert’s work for geodesic on 2-torus to higher genus surfaces.
In [1], Bangert studied the structure of the sets of minimal geodesics on torus. Bangert proved that
for each rational number α the set of recurrent minimal geodesics with rotation number α exactly
consists of periodic geodesics. Combining with Mather’s Lipschitz graph property, we know that for
a rational rotation vector h, measures in Mh are all distributed on closed geodesics on torus (cf.
Mather [6]). Here we say a ﬁrst homology class h = (h1, . . . ,h2g) ∈ H1(M,R) is rational if there is
a positive real number α such that αh1, . . . ,αh2g ∈ Z, where g > 0 is the genus of the surface M . We
remark that this deﬁnition does not depend on the choice of the basis of H1(M,R). We will present
our main theorem on the structure of minimal measures with rational rotation vectors for geodesic
ﬂows on surfaces with genus g > 1 in Section 7. In this section, we will give some preliminary results
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main theorem is based on our work in the following three sections.
Suppose (Mg,G) is a smooth closed compact connected orientable surface with a complete Rie-
mannian metric G , here g > 1 is the genus of this surface. In each local coordinate (U , (x1, x2)), G can
be expressed in the Einstein summation convention as:
G = gij dxi ⊗ dx j, i, j = 1,2.
Here g11, g12 = g21, g22 are smooth functions on U such that the matrix (gij)2×2 is positive deﬁnite
everywhere on U . If X = Xi ∂
∂xi
and Y = Y j ∂
∂x j
are vector ﬁelds on U , then
G(X, Y ) = gij X iY j .
Suppose γ : [a,b] → M is an absolutely continuous curve. Let |γ | denote the arclength of γ , then
|γ | =
b∫
a
∥∥γ ′(t)∥∥dt =
b∫
a
√
G
(
γ ′(t), γ ′(t)
)
dt.
For each pair of points x, y on M , we can deﬁne a symmetric distance
d(x, y) = inf{|γ | ∣∣ γ : [a,b] → M piecewise smooth, γ (a) = x, γ (b) = y}.
Suppose D is the Levi-Civita connection on (M,G). A geodesic is a smooth curve l : R → M such
that
Dl′(t)l
′(t) = 0, ∀t ∈ R.
It is easy to prove that if l is a geodesic then
d
dt
∥∥l′(t)∥∥= 0, ∀t ∈ R,
i.e. geodesics have constant speeds. A minimal geodesic segment is a geodesic segment l : [a,b] → M
such that
d
(
l(t), l(t′)
)= ‖l′‖|t − t′| = |l|[t,t′]|
for all t, t′ ∈ [a,b]. By the Hopf–Rinow theorem (cf. Jost [4]), each pair of points on M can be con-
nected by at least one minimal geodesic segment.
In this paper, without speciﬁcal indication, we simply suppress the notional distinct between the
geodesic l on M and the integral curve (l, l′) of the Euler–Lagrange vector ﬁeld generated by G on TM ,
and call both of them geodesics. If needed, we will call the latter one a geodesic on TM . Furthermore,
without speciﬁcal indication, we call both a geodesic l : R → M and a geodesic segment l : [a,b] → M
geodesics.
Consider the autonomous Euler–Lagrange ﬂow in which the Lagrangian function
L(x, v) = Gx(v, v).
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solutions of the Euler–Lagrange equation (cf. Paternain [7]). We can see that L(x, v) = Gx(v, v) is pos-
itive deﬁnite because in local coordinates, (gij)2×2 is positive deﬁnite everywhere. It is obvious that L
satisﬁes the super-linear growth property. The completeness of Euler–Lagrange solutions comes from
the completeness of geodesics, which is implied by the assumption that G is a complete Riemannian
metric. Therefore L(x, v) = Gx(v, v) satisﬁes the three conditions we impose on the Lagrangians in
Section 1.
Suppose l : [0, T ] → M is a closed geodesic (i.e. l(0) = l(T )), then l is a representative of a ﬁrst
homology class h ∈ H1(M,Z). We deﬁne the rotation vector ρ(l) of l by
ρ(l) = 1
T
h ∈ H1(M,R).
Here we identify H1(M,Z) with the lattice of integral vectors in H1(M,R). If moreover l′(0) = l′(T )
(here l′(0) denotes the right derivative of l at t = 0 and l′(T ) denotes the left derivative at t = T )
and μl is the unique invariant probability measure evenly distributed on {(l(t), l′(t))}|[0,T ] , then by a
simple calculation, we have
ρ(l) = ρ(μl).
Here ρ(μl) is the rotation vector of the invariant measure μl , in the Mather theory.
We deﬁne the action A(l) of l by the following formula:
A(l) =
T∫
0
Gl(t)
(
l′(t), l′(t)
)
dt =
T∫
0
∥∥l′(t)∥∥2 dt.
In general, if l : [a,b] → M is an absolutely continuous curve (closed or non-closed), we deﬁne its
action A(l) by A(l) = ∫ ba ‖l′(t)‖2 dt .
By the deﬁnition of average actions of probability measures, it is easy to see
A(μl) = 1T
T∫
0
∥∥l′(t)∥∥2 dt = 1
T
A(l).
Obviously if a closed geodesic l˜ : [0, Ta ] → M is a re-parameterization of l(t) with ‖l˜′‖ = a‖l′‖, then
ρ(l˜) = aρ(l) and
A(l˜) =
T
a∫
0
(
a
∥∥l′(t)∥∥)2 dt = aA(l).
So if μl˜ is the invariant probability measure evenly distributed on {(l˜(t), l˜′(t))}|[0, Ta ] , then
A(μl˜) = a2A(μl).
In general one can check that if μ is an invariant probability measure, a > 0 is a real number, and
μ′ is the probability measure satisfying that, for every measurable set E ′ and E = {(x, v) ∈ TM |
(x,av) ∈ E ′}, the following equality holds:
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then
A(μ′) = a2A(μ).
Moreover, μ′ is an invariant probability measure with ρ(μ′) = aρ(μ). From this point we can see
that: μ being a minimal measure is equivalent to μ′ being a minimal measure. We call this property
the shifting property of minimal measures for geodesic ﬂows and call μ′ a shifting of μ.
Recall that we denote the arclength of an absolutely continuous curve l : [a,b] → M by |l|. We have
the following results:
Lemma 4.1. Suppose l : [0, T1] → M and γ : [0, T2] → M are both closed geodesics. Then 1T1 |l| 1T2 |γ | ⇐⇒
1
T1
A(l) 1T2 A(γ ).
Proof. First, we prove ⇒. Suppose 1T1 |l| 1T2 |γ |, we have
1
T1
T1∫
0
∥∥l′(t)∥∥dt  1
T2
T2∫
0
∥∥γ ′(s)∥∥ds.
This implies
∥∥l′(t)∥∥ ∥∥γ ′(s)∥∥
for all t ∈ [0, T1], s ∈ [0, T2] because ‖l′(t)‖ and ‖γ ′(s)‖ are both constant. Then
1
T1
A(l) = 1
T1
T1∫
0
∥∥l′(t)∥∥2 dt = ∥∥l′(t)∥∥2  ∥∥γ ′(s)∥∥2 = 1
T2
T2∫
0
∥∥γ ′(s)∥∥2 ds = 1
T2
A(γ ).
The steps in the above are reversible, therefore we also have
1
T1
|l| 1
T2
|γ | ⇐ 1
T1
A(l) 1
T2
A(γ ).
From the above we know
1
T1
|l| 1
T2
|γ | ⇐⇒ 1
T1
A(l) 1
T2
A(γ ). 
Corollary 4.2. Suppose l : [0, T1] → M and γ : [0, T2] → M are simple closed geodesics with ρ(l) = ρ(γ ).
Then |l| |γ | ⇐⇒ A(l) A(γ ).
Proof. By Lemma 5.1 which will be proved independently of this corollary, we can conclude that,
since l and γ are both simple closed curves and ρ(l) = ρ(γ ), then there is a ﬁrst homology class
h ∈ H1(M,Z) such that [l] = [γ ] = h. Thus ρ(l) = ρ(γ ) implies T1 = T2 = T for some T > 0 (in fact
ρ(l) = ρ(γ ) = hT , here we identify H1(M,Z) with the lattice of integral vectors in H1(M,R)). By
Lemma 4.1, |l| |γ | ⇐⇒ A(l) A(γ ). 
F. Wang / J. Differential Equations 247 (2009) 3258–3282 3269Lemma 4.3. For each h ∈ H1(M,Z), there is a closed curve l representing h which has minimal arclength
among all closed curves representing h.
Proof. Note that the arclength of a curve is independent of its parameterization. Thus, in the follow-
ing, we assume all closed curves representing h are deﬁned on [0, T ]. Consider the universal abelian
covering space M˜ with the covering map π˜ : M˜ → M and the lifted complete Riemannian metric G˜ .
Suppose U ⊂ M˜ is a fundamental domain. There is a unique fundamental domain V ⊂ M˜ such that
∀x ∈ U¯ , the unique image x′ of x under the deck transformation associated with h, is in V¯ . By the
Hopf–Rinow theorem, there is a geodesic segment lx : [0, T ] → M˜ which has minimal arclength among
all curves connecting x and x′ , for every x ∈ U¯ . Let f (x) = |lx|, the arclength of lx . It is easy to see
that f (x) is a Lipschitz function on U¯ . Thus ∃x0 ∈ U¯ such that f (x0) = inf{ f (x) | x ∈ U¯ }, because f
is a continuous function on the compact set U¯ . Let l = π˜ ◦ lx0 : [0, T ] → M , then l is a closed curve
which has minimal arclength among all closed curves representing h. This is because if, otherwise,
l˜ : [0, T ] → M is another closed curve satisfying [l˜] = h and |˜l| < |l|, choose a lifting of l˜ (denoted γ˜ )
on M˜ whose starting point is in U . Suppose y ∈ U is this starting point of l˜. Then the end point of
γ˜ is in V . It is the unique image of y under the deck transformation associated with h. Obviously
y = x0. From the above, we know |γ˜ |  |l y | = f (y). Thus f (y) = |l y|  |γ˜ | = |˜l| < |l| = |lx0 | = f (x0)
which contradicts to f (x0) = inf{ f (x) | x ∈ U¯ }. 
We remark that by Lemma 4.1, if γ : [0, T ] → M is another representative of h then A(l) A(γ ),
where l is the closed curve which has minimal arclength among all closed curves representing h, in
Lemma 4.3.
Lemma 4.3 tells us that, ∀h ∈ H1(M,Z), there is a representative l : [0, T ] → M which has minimal
arclength among all closed curves representing h. Since l(t) is the projection of a minimal geodesic
segment associated with the lifted Riemannian metric on the universal abelian covering space, it is
a geodesic segment on M . Let ξ(t) = l(t − kT ), for the k ∈ Z satisfying 0  t − kt < T . Then ξ(t) is
automatically smooth everywhere except at t = kT ,k ∈ Z. The smoothness of ξ(t) at 0 can be proved
in the following way: if ξ is not smooth at 0, then ∃ > 0 and a geodesic segment γ : [−,+] → M
homologous to ξ |[−,] with γ (−) = ξ(−) = l(T −) and γ () = ξ() = l() whose arclength is less
that |ξ |[−,]| = |l |[0,] | + |l|[T−,T ]|. Then the closed curve η : [0, T ] → M with
η(t) =
{
l(t + ), t ∈ [0, T − 2];
γ (t − T + ), t ∈ (T − 2, T ],
also represents h and has less arclength than the arclength of l. This contradicts to the fact that |l|
is minimal. This argument tells us that ξ |[−,+] is smooth at t = 0 and is also a minimal geodesic
segment. Then by the deﬁnition of ξ(t), it is smooth at all kT ,k ∈ Z, i.e.
l′(0) = l′(T ),
where l′(0) denotes the right derivative of l at t = 0 and l′(T ) denotes the left derivative at t = T .
Thus ξ(t) is a periodic geodesic with period T .
Although all h ∈ H1(M,Z) have representatives with minimal arclength, some of them do not
have simple closed representatives. It is easy to see if h has a representative which has minimal total
arclength among all 1-chains homologous to it, then this representative does not have transversal
self-intersections. Therefore, its restriction on a least period is a simple closed geodesic. In Section 7,
we will prove that if a simple closed geodesic l : [0, T ] → M has minimal total arclength among all
closed 1-chains in its ﬁrst homology class, then it supports a minimal ergodic measure. Here, we
say a subset E ⊂ M supports a probability measure μ if π(supp(μ)) = E , where π : TM → M is the
standard projection.
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In this section, we present some results on surface topology, which will play key roles in proving
our theorems in Section 7.
Lemma 5.1. If h ∈ H1(M,Z), h = 0, has a simple closed representative, then for all integers k 2, kh does not
have a simple closed representative.
Proof. We prove this lemma by contradiction. Assume there is a simple closed curve γ : [0, T ] → M
representing kh. Then we can ﬁnd a set of simple closed curves {γ1, . . . , γ2g−1}, such that
{[γ1], . . . , [γ2g−1], [γ ]} is a set of generators of H1(M,Z), i.e.
spanZ
〈[γ1], . . . , [γ2g−1]〉⊕ spanZ〈[γ ]〉= H1(M,Z).
Since h ∈ H1(M,Z), there is a unique expression: h = u + v in which u ∈ spanZ〈[γ1], . . . , [γ2g−1]〉
and v ∈ spanZ〈[γ ]〉. Then [γ ] = kh = ku + kv ∈ spanZ〈[γ ]〉 implies ku ∈ spanZ〈[γ ]〉. This is possible
only if u = 0. So h ∈ spanZ〈[γ ]〉 = spanZ〈kh〉 for k  2. This contradicts to the assumption that h = 0
and k  2. Thus, ∀k  2, kh has no simple closed representative, i.e. ∀ closed curve γ : [0, T ] → M
representing kh, we know:
{
(t, s) ∈ [0, T ] × [0, T ] \ Δ ∣∣ γ (t) = γ (s)} = Φ.
Here, Δ denotes the set of diagonal elements in [0, T ] × [0, T ]. 
From the lemma we can see that, for a non-trivial ﬁrst homology class h ∈ H1(M,Z), if h has a
simple closed representative, and there is a closed geodesic l : [0, T ] → M representing kh for some
integer k > 1, then either l|[0, Tk ] represents h or l has isolated self-intersection points. In the second
case if we cut l at self-intersection points, we can get a set of pairwisely disjoint simple closed curves
{l1, . . . , ln}, n  2, such that [l1] + · · · + [ln] = [l] = kh ∈ H1(M,Z). Here li : [0, Ti] → M is a piecewise
smooth closed curve for each i = 1, . . . ,n. We call {l1, . . . , ln} a disjoint partition of l. In general we
deﬁne the disjoint partition in the following way.
Deﬁnition 5.2 (Disjoint partition). We call a ﬁnite set of simple closed curves {l1, . . . , ln}, n  1,
a disjoint partition of a ﬁrst homology class h ∈ H1(M,Z), where li : [0, Ti] → M is a piece-
wise smooth closed curve for each i = 1, . . . ,n, if [l1] + · · · + [ln] = h, and for each pair of in-
tegers i, j with 1  i = j  n, either li = l j after an orientation preserving re-parameterization or
{li(t)}|[0,Ti ] ∩ {l j(s)}|[0,T j ] = Φ .
We remark that if li = l j after an orientation preserving re-parameterization, then without speciﬁ-
cal indication, we regard li and l j as two copies of a unique closed curve and write li = l j . Therefore,
in the following discussion, sometimes we also write a disjoint partition in the form {n1l1, . . . ,nklk}
where ni ∈ Z is the multiplicity of the curve li in this disjoint partition, i = 1, . . . ,k.
Lemma 5.3. Suppose h ∈ H1(M,Z), h = 0, has a simple closed representative. If {l1, . . . , ln} is a disjoint par-
tition of kh ∈ H1(M,Z) , k 2, consisting of non-trivial simple closed curves, then n k.
Proof. By Lemma 5.1, kh does not have a simple closed representative, so n > 1. Let
V = spanZ
〈[l1], . . . , [ln]〉⊆ H1(M,Z).
Suppose
dim(V ) =m+ 1 2g.
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otherwise, by following the idea of the proof, we will get a even greater n. From the classiﬁcation
theorem for surfaces, we know that: ∀ls , s n, ∃ a list
{ls1 , . . . , lsm } ⊆ {l1, . . . , ln}
such that {[ls], [ls1 ], . . . , [lsm ]} is a set of generators of V . Moreover, we can always ﬁnd another set
of simple closed curves {γ1, . . . , γ2g−m−1} such that {[ls], [ls1 ], . . . , [lsm ], [γ1], . . . , [γ2g−m−1]} is a set
of generators of H1(M,Z). Without loss of generality, we assume {[l1], [l2], . . . , [lm+1]} is a set of
generators of V . Assume m+ 1 < n, the case m+ 1= n can be proved in a similar way.
Consider ∀l j , for n j >m+ 1, since [l j] ∈ V , we have a unique expression
[l j] = c1[l1] + · · · + cm+1[lm+1],
with integral coeﬃcients c1, . . . , cm+1. We claim:
c1, . . . , cm+1 ∈ {1,0,−1}.
This is because l j is also a non-trivial simple closed curve, therefore, we know if c1 = 0,
{[l j], [l2], . . . , [lm+1]} is also a set of generators of V . So we have
[l1] = d2[l2] + · · · + dm+1[lm+1] + d j[l j]
for a set of integers {d2, . . . ,dm+1,d j}. Comparing coeﬃcients of the two equalities in the above, we
get
c1 × d j = 1
which implies
c1 = ±1.
Similarly, we have
ci = ±1, or 0, ∀2 i m+ 1.
Since kh = [l1] + · · · + [ln] ∈ V , it is easy to see h ∈ V (refer to the proof of Lemma 5.1). Then we
have a set of integers {s1, . . . , sm+1} such that
h = s1[l1] + · · · + sm+1[lm+1].
Let [li : l j] denote the coeﬃcient of [l j] when we express [li] as a linear combination of [l1], [l2], . . . ,
[lm+1], for 1 j m+ 1, 1 i  n. From the argument in the above, we know
[li : l j] = ±1,0.
Thus we have:
ks1[l1] + · · · + ksm+1[lm+1] = kh =
n∑
[li] = δ1[l1] + · · · + δm+1[lm+1],
i=1
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δ j =
n∑
i=1
[li : l j].
Since there is at least one j such that s j = 0, we get
ks j | δ j,
which implies
k | δ j =
n∑
i=1
[li : l j].
This leads to
n k,
because |[li : l j]| 1, ∀1 i  n. 
In a more ‘topological’ word, this lemma means if l = ∑mi=1 nili is a closed 1-chain such that[l] = kh ∈ H1(M,Z) for k  2 and {l1, . . . , ln} is a set of pairwisely disjoint simple closed curves, then∑m
i=1 ni  k.
6. Minimal disjoint partitions
Lemma 6.1. For each h = (h1, . . . ,h2g) ∈ H1(M,Z) with the greatest common divisor gcd(h1, . . . ,h2g) = 1,
there is a disjoint partition of h consisting of simple closed geodesics, which has minimal total arclength among
all disjoint partitions of h.
Proof. Obviously, if A = {c1, . . . , cm} is a disjoint partition of h which has minimal total arclength
among all disjoint partitions of h, then ci ’s are all simple closed geodesics. In the following we prove
the existence of the disjoint partition with minimal total arclength.
We consider the set of all disjoint partitions of h. First we deﬁne an equivalent relation ∼ between
two disjoint partitions: For each pair of disjoint partitions
A= {c1, . . . , cm},
A′ = {l1, . . . , ln},
we say
A∼A′
if m = n and [ci] = [li] ∈ H1(M,Z) up to a permutation of the order of elements in the set A′ , for all
i = 1, . . . ,m. It is easy to check that this relation is an equivalent relation. For each equivalent class E ,
by Lemma 4.3, there is a disjoint partition AE = {c1, . . . , cm} ∈ E such that, for each i = 1, . . . ,m, ci
has minimal arclength among all closed curves homologous to it. Then AE has minimal total arclength
in E . For an equivalent class E , we deﬁne:
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and deﬁne:
|E|◦ = ∥∥[c1]∥∥+ · · · + ∥∥[c J ]∥∥.
Here ‖h‖ denotes |h1| + · · · + |h2g |, ∀h = (h1, . . . ,h2g) ∈ H1(M,Z), under the canonical basis of
H1(M,Z).
It is obvious that
|E|∗ → ∞ as |E|◦ → ∞.
Therefore, ∀N > 0, the number of elements in the set
{
E
∣∣ |E|∗ < N}
is ﬁnite. Thus there is an equivalent class E0 satisfying that |E0|∗ is minimal among all equivalent
classes of disjoint partitions of h. Let A0 be the disjoint partition in E0 whose total arclength equals
|E0|∗ , then A0 has minimal total arclength of all disjoint partitions of h. 
Lemma 6.2. Suppose μ is an invariant probability measure for the geodesic ﬂow such that π(supp(μ)) is a
simple closed geodesic on M, where π : (x, v) → x is the standard projection from TM to M. If
A(μ) =min{A(ν) ∣∣ ν ∈Minv, ρ(ν) = ρ(μ), π(supp(ν))= π(supp(μ))},
then μ is an ergodic measure.
Proof. Let γ : [0,1] → M be the simple closed geodesic such that π(supp(μ)) = {γ (t)}|[0,1] . Suppose
[γ ] = h ∈ H1(M,Z). We know ρ(μ) = 1T h for some T > 0, here we identify H1(M,Z) with the lattice
of integral vectors in H1(M,R). Consider the periodic geodesic l : R → M with least period T such
that π(supp(μ)) = {l(s)}|[0,T ] . Here we know μ is supported on a periodic geodesic because it is
invariant under the geodesic ﬂow. We claim that μ is the ergodic measure evenly distributed on
{(l(s), l′(s))}|[0,T ] .
Let μt denote the ergodic measure evenly distributed on {(l(s), Tt l′(s))}|[0,T ] . By the ergodic decom-
position theorem (cf. Walters [9]), it is easy to see that there is a probability measure m on (0,+∞),
such that for all function f : TM → R,
∫
TM
f (x, v)dμ =
+∞∫
0
( ∫
TM
f (x, v)dμt
)
dm(t).
Then from the deﬁnition of the rotation vector, it is easy to see that:
ρ(μ) =
+∞∫
0
ρ(μt)dm(t) =
+∞∫
0
h
t
dm(t) = h
T
⇒
+∞∫
0
1
t
dm(t) = 1
T
.
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A(μt) = 1
T
T∫
0
(
T
t
∥∥l′(s)∥∥)2 ds = 1
T
T∫
0
(
T
t
|l|
T
)2
ds = 1
T
T∫
0
( |l|
t
)2
ds =
( |l|
t
)2
,
we know
A(μ) =
+∞∫
0
( |l|
t
)2
dm(t) = |l|2
+∞∫
0
(
1
t
)2
dm(t) |l|2
( +∞∫
0
1
t
dm(t)
)2
=
( |l|
T
)2
by Jensen’s inequality (cf. Rudin [8]). The equality holds if and only if
m
({T })= 1.
Thus if
A(μ) =min
{
A(ν)
∣∣∣ ν ∈Minv, ρ(ν) = h
T
, π
(
supp(ν)
)= {l(s)}∣∣[0,T ]
}
,
then
μ = μT ,
for, otherwise, we have A(μ) > A(μT ) by Jensen’s inequality, which contradicts to A(μ) =min{A(ν) |
ν ∈Minv, ρ(ν) = hT , π(supp(ν)) = {l(s)}|[0,T ]}. 
Suppose we have disjoint partitions A= {c1|[0,T1], . . . , cn|[0,Tn]} and B = {l1|[0,T ′1], . . . , lm|[0,T ′m]} of
some h ∈ H1(M,Z). Here, ci : R → M is a simple closed periodic geodesic with least period Ti > 0,
i = 1, . . . ,n; and l j : R → M is a simple closed periodic geodesic with least period T ′j > 0, j = 1, . . . ,m.
Since both A and B are disjoint partitions of h, we have
n∑
i=1
[ci |[0,Ti ]] =
m∑
j=1
[l j|[0,T ′j ]] = h.
Let
μA = T1
T
μc1 + · · · +
Tn
T
μcn ,
where T = T1 + · · · + Tn , and μci is the probability measure which is evenly distributed on{(ci(t), c′i(t))}|[0,Ti ] , i = 1, . . . ,n. Let
μB = T
′
1
T ′
μl1 + · · · +
T ′m
T ′
μlm ,
where T ′ = T ′1 +· · ·+ T ′m , and μl j is the probability measure evenly distributed on {(l j(s), l′j(s))}|[0,T ′j ] ,
j = 1, . . . ,m.
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hi = [ci |[0,Ti ]], h′j = [l j|[0,T ′j ]].
Then
ρ(μci ) =
[ci |[0,Ti ]]
Ti
= hi
Ti
, i = 1, . . . ,n,
ρ(μl j ) =
[l j|[0,T ′j ]]
T ′j
= h
′
j
T ′j
, j = 1, . . . ,m.
We know
n∑
i=1
hi =
m∑
j=1
h′j = h.
So if
ρ(μA) = ρ(μB),
since
ρ(μA) = T1
T
h1
T1
+ · · · + Tn
T
hn
Tn
= 1
T
n∑
i=1
hi = 1
T
h,
and
ρ(μB) = T
′
1
T ′
h′1
T ′1
+ · · · + T
′
m
T ′
h′m
T ′m
= 1
T ′
m∑
j=1
h′j =
1
T ′
h,
we get
T = T ′ and ρ(μA) = ρ(μB) = 1
T
h.
On the other hand if we know ρ(μA) = h′ = hT˜ for some T˜ > 0, then
T1 + · · · + Tn = T˜ .
We remark that this property will be used in proving the following lemma.
Lemma 6.3. Let A = {c1|[0,T1], . . . , cn|[0,Tn]} be a disjoint partition of some h ∈ H1(M,Z) consisting of
geodesics, where ci : R → M is a simple closed periodic geodesic with least period Ti > 0, i = 1, . . . ,n. Sup-
pose μ0 is an invariant probability measure with π(supp(μ0)) =⋃ni=1{ci(t)}|[0,Ti ] and ρ(μ0) = hT for some
T > 0. If A(μ0) =min{A(μ) | μ ∈Minv, π(supp(μ)) =⋃ni=1{ci(t)}|[0,Ti ], ρ(μ) = hT }, then there is a con-
stant d > 0 independent of x ∈ M, such that supp(μ0) ⊂ {(x, v(x)) | x ∈⋃ni=1{ci(t)}|[0,Ti ], ‖v(x)‖ ≡ d}.
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E =
{
μ ∈Minv
∣∣∣ π(supp(μ))= n⋃
i=1
{
c(t)
}∣∣[0,Ti ], ρ(μ) = hT
}
.
Suppose h = [c1|[0,T1]]+ · · ·+ [cn|[0,Tn]] ∈ H1(M,Z). By Lemma 6.2 and the argument in the above, we
know
μ0 = 1
T
(T˜1μ1 + · · · + T˜nμn),
for T˜1 + · · · + T˜n = T and μi is the ergodic measure which is evenly distributed on {(li(t), l′i(t))}|[0,T˜ i ] ,
where the periodic geodesic li with least period T˜ i is an orientation-preserving re-parameterization
of ci , ∀i = 1, . . . ,n. Suppose ‖l′i‖ = vi , i = 1, . . . ,n. Then
A(μ0) = 1
T
(
T˜1A(μ1) + · · · + T˜n A(μn)
)
= 1
T
( T˜1∫
0
v21 dt + · · · +
T˜n∫
0
v2n dt
)
= 1
T
n∑
i=1
T˜ i v
2
i =
n∑
i=1
T˜ i
T
v2i

(
n∑
i=1
T˜ i
T
vi
)2
=
(
1
T
n∑
i=1
|li|[0,T˜ i ]|
)2
= const,
by Jensen’s inequality. Here the equality holds if and only if
v1 = · · · = vn = 1
T
n∑
i=1
|li|[0,T˜ i ]|.
Let
d = 1
T
n∑
i=1
|li|[0,T˜ i ]|.
We claim that
v1 = · · · = vn = d and A(μ0) =
(
1
T
n∑
i=1
|li|[0,T˜ i ]|
)2
= d2.
Obviously, we can always ﬁnd an invariant probability measure ν such that π(supp(ν)) =⋃n
i=1{c(t)}|[0,Ti ] , ρ(ν) = hT , and A(ν) = d2. If ∃i ∈ {1, . . . ,n} such that vi = d, then by Jensen’s inequal-
ity A(μ0) > d2. This contradicts to the assumption that μ0 has minimal action among all invariant
measures in E . Therefore, we know
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T
(T˜1μ1 + · · · + T˜nμn),
where T = T˜1 + · · · + T˜n and μi is the ergodic measure evenly distributed on some geodesic
{(l(t), l′(t))}|[0,T˜ i ] with ‖l′‖ = d, ∀i = 1, . . . ,n. And moreover we know A(μ0) = ( 1T
∑n
i=1 |li|[0,T˜ i ]|)2 =
d2. 
We remark that the proof of Lemma 6.3 also implies the existence of the measure μ0 with
A(μ0) = min{A(μ) | μ ∈ Minv, π(supp(μ)) = ⋃ni=1{ci(t)}|[0,Ti ], ρ(μ) = hT }. In fact, the mea-
sure μ0 = 1T (T˜1μ1 + · · · + T˜nμn) satisﬁes that A(μ0) = min{A(μ) | μ ∈ Minv, π(supp(μ)) =⋃n
i=1{ci(t)}|[0,Ti ], ρ(μ) = hT }.
Corollary 6.4. Suppose A = {c1|[0,T1], . . . , cn|[0,Tn]} and B = {l1|[0,T ′1], . . . , lm|[0,T ′m]} are both disjoint par-
titions of h ∈ H1(M,Z), consisting of geodesics, where ci : R → M is a simple closed periodic geodesic with
least period Ti , for each i = 1, . . . ,n, and l j : R → M is a simple closed periodic geodesic with least period
T ′j , for each j = 1, . . . ,m. Let μA and μB be invariant probability measures satisfying that π(supp(μA)) =⋃n
i=1{ci(t)}|[0,Ti ] , π(supp(μB)) =
⋃m
j=1{l j(t)}|[0,T ′j ] and ρ(μA) = ρ(μB) = hT , for some constant T > 0. If
A(μA) =min
{
A(μ)
∣∣∣μ ∈Minv, π(supp(μ))= n⋃
i=1
{
ci(t)
}∣∣[0,Ti ], ρ(μ) = hT
}
,
and
A(μB) =min
{
A(μ)
∣∣∣μ ∈Minv, π(supp(μ))= m⋃
j=1
{
l j(t)
}∣∣[0,T ′j ], ρ(μ) = hT
}
,
and the total arclength
n∑
i=1
|ci|[0,Ti ]|
m∑
j=1
|l j|[0,T ′j ]|,
then
A(μA) A(μB).
Proof. Lemma 6.2 implies:
μA = 1
T
(T˜1μ1 + · · · + T˜nμn),
for a set of positive numbers T˜1, . . . , T˜n with T˜1 + · · · + T˜n = T , and a set of probability measures
μ1, . . . ,μn , where μi is the ergodic measure evenly distributed on {(c˜i(t), c˜′i(t))}|[0,T˜ i ] , i = 1, . . . ,n.
Here, the closed geodesic c˜i with least period T˜ i is an orientation-preserving re-parameterization
of ci , ∀i = 1, . . . ,n. And
μB = 1
(
T˜ ′1μ′1 + · · · + T˜ ′mμ′m
)
,T
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μ′1, . . . ,μ′n , where μ′j is the ergodic measure evenly distributed on {(l˜ j(s), l˜′j(s))}|[0,T˜ ′j ] , j = 1, . . . ,m.
Here l˜ j is an orientation-preserving re-parameterization of l j with least period T˜ ′j , ∀ j = 1, . . . ,m.
Lemma 6.3 implies that there are constants v A and vB such that
A(μA) = 1
T
n∑
i=1
T˜ i v
2
A = v2A,
A(μB) = 1
T
m∑
j=1
T˜ ′j v
2
B = v2B .
Since
n∑
i=1
|ci |[0,Ti ]| =
n∑
i=1
|c˜i|[0,T˜ i ]| =
n∑
i=1
T˜ i v A = T v A,
and
m∑
j=1
|l j|[0,T ′j ]| =
m∑
j=1
|˜l j|[0,T˜ ′j ]| =
m∑
j=1
T˜ ′j v B = T vB .
If
n∑
i=1
|ci|[0,Ti ]|
m∑
j=1
|l j|[0,T ′j ]|,
then
v A  vB .
Therefore
v2A  v2B .
This implies
A(μA) A(μB). 
From results we have presented in these sections, we can draw the following conclusions:
(1) For every ﬁrst homology class h ∈ H1(M,Z), every disjoint partition A of h consisting of periodic
geodesics, and every constant T > 0, there is an invariant probability measure μ supported on A
with the rotation vector hT ∈ H1(M,R), such that A(μ) is minimal among all invariant probability
measures supported on A associated with the rotation vector hT . In addition, μ is distributed on
a ﬁnite set of periodic trajectories.
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invariant probability measures supported on A and B respectively, satisfying the minimal action
property described in the above for a common T > 0. Then
A(μA) A(μB) ⇐⇒ |A| |B|,
where |·| denotes the total arclength of the geodesics in the disjoint partition.
7. Minimal measures with rational rotation vectors
In this section we present our results of the structure of minimal measures for geodesic ﬂows on
surfaces with genus g > 1. We prove that for each rational ﬁrst homology class h ∈ H1(M,R), there
is a minimal measure associated with the rotation vector h which is supported on a disjoint partition
consisting of simple closed geodesics. First, we consider a result on minimal ergodic measures evenly
distributed on simple closed geodesics.
Proposition 7.1. Suppose l : R → M is a non-trivial simple closed absolutely continuous periodic curve with
least period T . If l|[0,T ] has minimal arclength among all non-trivial simple closed curves on M, then the
probability measure μ evenly distributed on {(l(t), l′(t))}|[0,T ] is a minimal measure.
Proof. Obviously l is a geodesic, therefore (l, l′) : R → TM is a true trajectory of the Euler–Lagrange
ﬂow. Then μ is an ergodic measure. To prove μ is minimal, by [5, Proposition 1], it suﬃces to prove
that on the universal abelian covering space of M , a lifting of l|[0,kT ] is a Tonelli’s minimizer, for every
positive integer k. Lemma 4.1 tells us that it suﬃces to prove l|[0,kT ] has minimal arclength among all
closed curves representing kh ∈ H1(M,Z).
If l|[0,kT ] is not minimal in arclength for some k > 1, there is a closed geodesic γ : [0, T ′] → M sat-
isfying [γ ] = kh ∈ H1(M,Z) and |γ | < |l |[0,kT ] | = k|l|[0,T ]|. Since [γ ] = kh, k > 1, then by Lemma 5.1,
either γ has isolated self-intersections or γ |[0, T ′k ] is a closed geodesic representing h. The second one
is impossible because in this case we will have |γ |[0, T ′k ]| < |l|[0,T ]|. The ﬁrst case implies that kh has
a disjoint partition {γ1, . . . , γm} for m k, such that |γ1| + · · · + |γm| < |γ |. Suppose {l1, . . . , ln} is the
disjoint partition of kh, consisting of non-trivial simple closed piecewisely smooth curves such that
|l1| + · · · + |ln| |γ1| + · · · + |γm| < k|l|[0,T ]|.
This is possible because we can obtain the set {l1, . . . , ln} by deleting trivial elements in the disjoint
partition {γ1, . . . , γm}. However we know, by Lemma 5.3, n  k. Since l|[0,T ] has minimal arclength
among all non-trivial simple closed curves, we have
|li| |l|[0,T ]|,
for all 1 i  n. Then
|l1| + · · · + |ln| n|l|[0,T ]| k|l|[0,T ]| = |l|[0,kT ]|.
This is a contradiction.
Therefore, for every k ∈ Z+ , l|[0,kT ] has minimal arclength among all closed curves representing kh.
This implies that μ is a minimal measure. 
Lemma 7.2. For each h = (h1, . . . ,h2g) ∈ H1(M,Z) with the greatest common divisor gcd(h1, . . . ,h2g) = 1,
there is a minimal measure μ supported on a disjoint partition of h, consisting of simple closed geodesics.
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total arclength among all disjoint partitions of h. Here ci : [0, Ti] → M is a simple closed geodesics
with c′i(0) = c′i(Ti), i = 1, . . . , J , where c′i(0) denotes the right derivative of ci at t = 0 and c′i(Ti)
denotes the left derivative of ci at t = Ti . By Lemma 6.3 and Corollary 6.4, ∀T > 0, there is an invari-
ant probability measure μ0 with π(supp(μ0)) =⋃ Ji=1{c(t)}|[0,Ti ] such that A(μ0) = min{A(μ) | μ ∈
Minv, ρ(μ) = hT , μ is supported on a disjoint partition of h}. We claim μ0 is a minimal measure.
By [5, Proposition 1], it suﬃces to prove that, ∀k ∈ Z+ , μ0 has minimal action among all invariant
probability measures supported on disjoint partitions of kh, whose rotation vectors are hT . By Corol-
lary 6.4, what we need to prove is that for every integer k > 1 and every disjoint partition {l1, . . . , ln}
of kh ∈ H1(M,Z) consisting of geodesics, we have k|c1| + · · · + k|c J | |l1| + · · · + |ln|.
Assume ∃k 2 such that there is a disjoint partition A= {l1, . . . , ln} of kh which has minimal total
arclength among all disjoint partition of kh and satisﬁes
|l1| + · · · + |ln| < k|c1| + · · · + k|c J |.
Obviously l1, . . . , ln are all non-trivial simple closed geodesics. Let
V = spanZ
〈[l1], . . . , [ln]〉⊆ H1(M,Z).
Suppose
dim(V ) =m g.
Without loss of generality we assume {[l1], [l2], . . . , [lm]} is a set of basis of V . Then ∀m < i  n, [li] is
a linear combination of {[l1], [l2], . . . , [lm]}. By Lemma 5.3, we have |[li : l j]| 1, ∀ j m, which means
all coeﬃcients in the linear combination are ±1 or 0.
Now consider lm+1, obviously we have
[lm+1] = [l j1 ] + · · · + [l js ] − [l js+1 ] − · · · − [l js+t ] ∈ H1(M,Z)
for some l j1 , . . . , l js+t ∈ {l1, . . . , lm}. If the arclength
|lm+1| > |l j1 | + · · · + |l js | − |l js+1 | − · · · − |l js+t |,
replace {l js+1 , . . . , l js+t , lm+1} with {l j1 , . . . , l js }, we get a disjoint partition of kh with less total ar-
clength. This leads to a contradiction. If
|lm+1| < |l j1 | + · · · + |l js | − |l js+1 | − · · · − |l js+t |,
replace {l j1 , . . . , l js } with {l js+1 , . . . , l js+t , lm+1}, we can also reduce the total arclength. This also con-
tradicts to the fact that A= {l1, . . . , ln} has minimal total arclength among all disjoint partitions of kh.
Thus
|lm+1| = |l j1 | + · · · + |l js | − |l js+1 | − · · · − |l js+t |,
i.e.
|lm+1| + |l js+1 | + · · · + |l js+t | = |l j1 | + · · · + |l js |.
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has minimal total arclength but has less number of distinct elements. By carrying out this process,
we can continue reducing the number of distinct elements in the disjoint partitions, until equiv-
alent classes of all distinct elements in the disjoint partition are linearly independent in H1(M,Z).
Thus, eventually we get a disjoint partition {k1ζ1, . . . ,kMζM}, in which ζ1, . . . , ζM are all simple closed
geodesics and [ζ1], . . . , [ζM ] are linearly independent. We know
k1|ζ1| + · · · + kM |ζM | = |l1| + · · · + |ln|.
Let
V ′ = spanZ
〈[ζ1], . . . , [ζM ]〉.
Since
kh ∈ V ′ = spanZ
〈[ζ1], . . . , [ζM ]〉,
it is easy to see
h ∈ V ′ = spanZ
〈[ζ1], . . . , [ζM ]〉.
So we have a unique set of integers δ1, . . . , δM such that
δ1[ζ1] + · · · + δM [ζM ] = h.
Since we have
k1[ζ1] + · · · + kM [ζM ] = kh
we know
k
(
δ1[ζ1] + · · · + δM [ζM ]
)= k1[ζ1] + · · · + kM [ζM ].
Since [ζ1], . . . , [ζM ] are linearly independent, we have
k | ki, ∀1 i  M,
and
δi = ki
k
∈ Z
i.e. we have
k1
k
[ζ1] + · · · + kM
k
[ζM ] = h
and
1 (
k1|ζ1| + · · · + kM |ζM |
)= 1 (|l1| + · · · + |ln|)< |c1| + · · · + |c J |.
k k
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partitions of h. Therefore, for any disjoint partition {l1, . . . , ln} of kh consisting of geodesics, k|c1| +
· · · + k|c J | |l1| + · · · + |ln|. This implies that the measure μ0 is a minimal measure. 
From Lemma 7.2 we can see that if a periodic geodesic c with least period T has minimal arclength
among all disjoint partitions of [c|[0,T ]], then the invariant probability measure evenly distribute on
{(c(t), c′(t))}|[0,T ] is a minimal ergodic measure. The rotation vector of this minimal ergodic measure
is 1T h ∈ H1(M,R) if we identify H1(M,Z) with the lattice of integral elements in H1(M,R). By the
shifting property, if a geodesic c˜ is an orientation-preserving re-parameterization of c with period T ′ ,
then the ergodic measure evenly distributed on {(c˜(t), c˜′(t))}|[0,T ′] is a minimal measure whose rota-
tion vector is 1T ′ h.
Similarly suppose A= {n1c1|[0,T1], . . . ,n J c J |[0,T J ]} with∥∥c′1∥∥= · · · = ∥∥c′j∥∥
is a disjoint partition of some h ∈ H1(M,Z) with minimal total arclength among all disjoint partitions
of h. Here ci : R → M is a periodic geodesic with least period Ti , for each i = 1, . . . , J . Then ci|[0,Ti ]
has minimal total arclength among all disjoint partitions of [ci|[0,Ti ]], ∀i = 1, . . . , J . Suppose μi is the
minimal ergodic measure evenly distributed on {(ci(t), c′i(t))}|[0,Ti ] for each 1 i  J . Let
T = n1T1 + · · · + n J T J ,
and
μ = n1T1
T
μ1 + · · · + n J T J
T
μ J .
Then from Lemmas 6.3 and 7.2, we can see that μ is a minimal measure which is distributed on⋃ J
i=1{(ci(t), c′i(t))}|[0,Ti ] , with rotation vector 1T h ∈ H1(M,R). By re-parameterizing ci ’s, for all real
number r > 0, we can construct a minimal measure distributed on a ﬁnite set of simple closed peri-
odic trajectories, whose rotation is rh ∈ H1(M,R). From the discussion in the above, we can have the
following conclusion.
Theorem 7.3. ∀ rational h ∈ H1(M,R), there is an element inMh distributed on a ﬁnite union of simple closed
periodic trajectories.
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